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Abstract
In the lowest nonlinear approximation I compare two gravitational wave equations,-
those of Weinberg and Papapetrou. The first one is simply a form of Einstein equation
and the second is claimed to be yet another field theoretical form in which the energy-
momentum tensor is obtained by Belinfante or Rosenfeld method. I show that for in-
teracting gravitational field these methods lead to different energy-momentum tensors.
Both these tensors need to be complemented ”by hand” with some interaction energy-
momentum tensors in order that the conservation laws of the total energy-momentum
tensor give equation of motion for particles in agreement with general relativity. In
approximation considered by Thirring, the Papapetrou wave equation must coincide
with that of Thirring. But they differ because Thirring inserted the necessary interac-
tion term. I show that Thirring wave equation is equivalent to Weinberg’s one. Hence
the Papapetrou equation is not yet another form of Einstein equation.
1 Introduction
The Einstein equation can be written straightforwardly in a field theoretical form, see equa-
tions. (7.6.3) and (7.6.4) in Weinberg’s book [1]. Another form of wave equation was given
by Papapetrou [2]. He assumed that gµν are simply gravitational potentials in flat space and
both flat space metric ηµν and gµν are present in his theory. It is not clear from his paper
whether his wave equation is simply another form of Einstein equation or this is another
theory similar to that of Rosen [3] and others.
Later, Thirring [4] showed how one can build up general relativity in the lowest nonlinear
approximation starting from flat space and using field theoretical methods. It is important
to note that Thirring chooses one specific way to obtain the nonlinear corrections. Namely,
after considering the linear approximation, he switches from gµν = ηµν + hµν to
√−ggµν ≡
ηµν − ϕµν . Only in the linear approximation ϕµν is equal h¯µν = hµν − 1
2
ηµνh. I did not pay
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attention to this fact and erroneously concluded that Thirring’s wave equation do not lead
to Schwarzschild solution [5].
Later, Gupta [6], Halpern [7] and others refer to Papapetrou equation as a form of Einstein
equation. Moreover, Deser [8], following his predecessors, claims that he deduces Einstein
equation in just a few steps by field theoretical means. Yet doubts remain. We note that
Halpern [7], following Papapetrou, obtains the the gravitational energy-momentum tensor
from general relativity Lagrangian by Belinfante method. In the approximation, considered
by Thirring, Halpern energy-momentum tensor must coincide with Thirring one. It does not
where the matter is present. Moreover, my calculation shows that for interacting fields the
Belinfante method leads to an asymmetric energy-momentum tensor. This is a good thing
for Thirring because to insure the equation of motion for particles in agreement with general
relativity, he introduces ”by hand” the asymmetric interaction energy-momentum tensor.
Together with gravitational energy-momentum tensor it restores the necessary symmetry.
On the other hand, Deser [8] uses the Rosenfeld method to obtain the gravitational
energy-momentum tensor. He is sure that the result must be the same as in Belinfante
method. But Rosefeld method gives the symmetrical tensor. One might assume that in
this method there is no need to insert ”by hand” some interaction terms to get the desired
equation of motion for particles. My calculations show that this is not the case; using the
Rosenfeld method one is forced again to insert some interaction terms.
In view of these doubts it is desirable to obtain an answer to the question: what theory
is in agreement with general relativity, Thirring theory or Papapetrou one? My calculations
show that Thirring wave equation is equivalent to Weinberg’s one. Hence, Thirring wave
equation is in agreement with general relativity, not the Papapetrou one.
2 Conservation laws of total energy-momentum tensor
and the equation of motion for particles
In this Section we show that the conservation laws, obtained by Thirring in a linear approx-
imation, continue to hold also in h2 approximation. We use the notation
gµν = ηµν + hµν , ηµν = diag(−1, 1, 1, 1), uµ = dx
µ
ds
= x˙µ, φ,µ =
∂
∂xµ
φ. (1)
According to Thirring the total energy-momentum tensor consists of three parts:
matter part
M
T µν=
∑
a
mau
µuν
ds
dt
δ(~x− ~xa(t)), uµ = dxµ/ds, (2)
interaction part
int
T
µν =
M
T
µαhα
ν , (3)
and gravitational part, consisting of canonical and spin parts
tµν =
can
t µν+
s
t µν . (4)
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The spin part
s
t µν do not contribute to the conservation laws. Calculating the divergence of
the canonical tensor and using the linearized Einstein equation, we find
can
t µν ,µ = −1
2
hαβ
,ν
M
T
αβ. (5)
Corrections to the linearized Einstein equation would lead to corrections of order h3 in (5)
and we neglect them.
The divergence of matter tensor is
M
T
µν
,µ =
∑
a
mau˙
ν ds
dt
δ(~x− ~xa(t)), (6)
see eq.(2.8.6) in [1]. We use here the particle equation of motion in h2 approximation:
u˙ν = −Γναβuαuβ ≈ [−hνα,β +
1
2
hαβ
,ν + hνσ(hσα,β − 1
2
hαβ,σ)]u
αuβ. (7)
Then we get
M
T
µν
,µ =
∑
a
ma
ds
dt
δ(~x− ~xa(t))uαuβ[−hνα,β + 1
2
hαβ
,ν + hνσ(hσα,β − 1
2
hαβ,σ)]. (8)
For the interaction tensor we have
int
T
µν
,µ =
M
T
µσ
,µhσ
ν+
M
T
µσhσ
ν
,µ. (9)
Using (8), we find with our accuracy
int
T
µν
,µ =
M
T
µσhσ
ν
,µ − hνσ(hσα,β − 1
2
hαβ,σ)]
M
T
αβ. (10)
From (8) and (10) we have(
M
T
µν+
int
T
µν
)
,µ
=
1
2
hαβ
,ν
M
T
αβ +O(h3). (11)
Adding (5), we have the conservation laws for the total energy-momentum tensor(
M
T
µν+
int
T
µν + tµν
)
,µ
= 0. (12)
It is interesting to note that lowering superscript ν in (11) with the help of η, we obtain(
M
T
µ
ν+
int
T
µ
ν
)
,µ
=
(
M
T
µσ(ησν + hσν
)
,µ
=
1
2
hαβ,ν
M
T
αβ . (13)
The last equation here is an exact relation of general relativity, see eqs. (96.1) and (106.4) in
[9]. So in general relativity
M
T µσ(ησν+hσν) is simply a mixed tensor. Only in field theoretical
approach
int
T µν lives in a contravariant form. In general relativity we have only
M
T µν and it
is a tensor density there, see eq.(106.4) in [9].
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3 Gravitational energy-momentum tensors
In this Section we compare gravitational energy-momentum tensors computed by Belinfante
and Rosenfeld methods. Later we compare also some other tensors. To facilitate the com-
parison, we introduce special notation for the building blocks of these tensors:
1
T µν = ηµν h¯αβ,γh¯γβ,α;
2
T µν = ηµν h¯αβ,γh¯αβ,γ ;
3
T µν = ηµνh¯,αh¯αβ,β;
4
T µν = ηµν h¯,αh¯,α;
16
T µν = ηµν h¯αλλh¯ασ,σ;
5
T µν = h¯αβ,µh¯αβν ;
6
T µν = h¯µα,βh¯νβ,α;
7
T µν = h¯µα,β h¯να,β;
8
T µν = 1
2
(h¯µα,ν + h¯να,µ)h¯,α;
9
T µν = h¯µν,αh¯,α;
10
T µν = 1
2
(h¯µα,αh¯
,ν + h¯να,αh¯
,µ);
11
T µν = h¯,µh¯,ν ;
12
T µν = h¯µν,αh¯αβ,β;
13
T µν = 1
2
(h¯µα,β h¯αβ
,ν+h¯να,βh¯αβ
,µ);
14
T µν = h¯µα,αh¯νβ,β;
15
T µν = 1
2
(h¯µα,ν + h¯να,µ)h¯αβ
,β; h¯µν = hµν − 1
2
ηµνh; h = hσ
σ = −h¯. (14)
Similarly for terms with second derivatives
a
T µν = ηµνh¯,σσh¯;
b
T µν = ηµν h¯αβ,αβh¯;
c
T µν = ηµνh¯,αβh¯αβ ;
d
T µν = ηµν h¯αβ,σσh¯αβ;
e
T µν = ηµνh¯ασ,σβh¯αβ ;
f
T µν = h¯,µνh¯;
g
T µν = h¯µν,σσh¯;
h
T µν = 1
2
(h¯µσ,νσ + h¯
νσ,µ
σ)h¯;
i
T µν = h¯µν,αβ h¯αβ;
j
T µν = 1
2
(h¯µα,νβ + h¯να,µβ)h¯αβ;
k
T µν = h¯αβ,µν h¯αβ;
l
T µν = h¯µνh¯,σσ;
m
T µν = h¯µν h¯αβ,αβ;
n
T µν = 1
2
(h¯,µαh¯α
ν + h¯,ναh¯α
µ);
o
T µν = 1
2
(h¯µσ,ασh¯α
ν + h¯νσ,ασh¯α
µ);
p
T µν = 1
2
(h¯µα,σσh¯α
ν + h¯να,σσh¯α
µ);
q
T µν = 1
2
(h¯ασ,µσh¯α
ν + h¯ασ,νσh¯α
µ). (15)
Starting from the Lagrangian
L =
1
32πG
[h¯αβ,γh¯
γβ,α − 1
2
h¯αβ,γ h¯
αβ,γ +
1
4
h¯,σh¯
,σ], (16)
we find by Belinfante method the following expression for the sum of the canonical and spin
parts
tµν =
can
t µν+
s
t µν =
1
16πG
[
1
2
1
T µν − 1
4
2
T µν + 1
8
4
T µν + 1
2
5
T µν+
6
T µν+
7
T µν − 1
4
11
T µν
− 12T µν − 2
13
T µν−
i
T µν+
o
T µν+
p
T µν−
q
T µν+
+
1
2
h¯να(h¯
µα,σ
,σ− h¯µσ,α,σ− h¯ασ,µ,σ− 1
2
ηµαh¯,σ
,σ)− 1
2
h¯µα(h¯
να,σ
,σ− h¯νσ,α,σ− h¯ασ,ν ,σ− 1
2
ηναh¯,σ
,σ)].
(17)
Here the antisymmetric part is written down explicitly. Using linearized Einstein equation,
we can rewrite it as follows
1
2
(
M
T¯ ναh¯α
µ−
M
T¯ µαh¯α
ν) (18)
4
In this expression we can drop bars over h and
M
T . Then we see that (17), where the
antisymmetric part is approximately equal (18), together with interaction term (3) yields
the symmetric tensor.
At this stage it is convenient to compare (17) with the corresponding Halpern result.
Barring a few misprints, the symmetric part in (17) agrees with eq. (3.5a) in [7]. Instead of
our antisymmetric part, Halpern gives (without comments) the following asymmetric part
1
32πG
h¯µα(h¯
να,σ
,σ − h¯νσ,α,σ − h¯ασ,ν ,σ − 1
2
ηναh¯,σ
,σ),
see eq. (3.5b) in [7]. Turning back to (17), we note that using linearized Einstein equation,
we find
1
16πG
p
T µν = −1
2
(
M
T¯ ναh¯α
µ+
M
T¯ µαh¯α
ν) +
1
16πG
(
1
2
l
T µν+
o
T µν+
q
T µν). (19)
Similarly we get
1
16πG
(
1
2
l
T µν+
m
T µν) = −1
2
h¯µν
M
T ,
M
T=
M
T σ
σ. (20)
So we have
1
16πG
p
T µν = −1
2
(
M
T¯ ναh¯α
µ+
M
T¯ µαh¯α
ν) +
1
16πG
(− mT µν+
o
T µν+
q
T µν)− 1
2
h¯µν
M
T . (21)
Now the sum of the r.h.s. of (21) and (18) yields
−
M
T¯ µαh¯α
ν +
1
16πG
(
q
T µν+
o
T µν−
m
T µν)− 1
2
h¯µν
M
T . (22)
The first term here is
−h¯να(
M
T
µα − 1
2
ηµα
M
T ) = −h¯να
M
T
µα +
1
2
h¯µν
M
T . (23)
So the last term in (22) is cancelled by the last term in (23). The first term in (23) has the
form
−(hνα − 1
2
ηναh)
M
T
µα = − intT µν + 1
2
h
M
T
µν . (24)
Collecting all these results, we finally obtain
int
T
µν + tµν =
1
16πG
[
1
2
1
T µν − 1
4
2
T µν + 1
8
4
T µν + 1
2
5
T µν+
6
T µν+
7
T µν − 1
4
11
T µν
− 12T µν − 2
13
T µν−
i
T µν−
m
T µν + 2
o
T µν ] + 1
2
h
M
T
µν . (25)
Together with
M
T µν it gives the total energy-momentum tensor. We shall see later that it
leads to the agreement of Thirring wave equation with general relativity,
Now we give the energy-momentum tensor, obtained from the same Lagrangian (16) by
Rosenfeld method:
tµνRos =
1
16πG
[
1
2
1
T µν − 1
4
2
T µν + 1
8
4
T µν + 1
2
5
T µν+
6
T µν+
7
T µν − 1
4
11
T µν
5
− 12T µν − 2
13
T µν−
i
T µν + 1
2
l
T µν + 2
o
T µν ]. (26)
Using (20) we find for the difference of (25) and (26):
int
T
µν + tµν − tµνRos =
1
2
h
M
T
µν +
1
2
h¯µν
M
T . (27)
Its divergence is not zero. Thus, tµνRos also needs some interaction terms.
Deser uses the method in which both
√−ggµν and Γσµν are a priory independent. He
calculates energy- momentum tensor by Rosefeld method. It seems that his method must be
equivalent the usual method in which Γσµν are functions of metric. If so, his wave equation
is not the Einstein one already in the considered here approximation.
4 Equivalence of Thirring and Weinberg wave equa-
tions
In terms of h¯µν = hµν − 12ηµνh where gµν ≡ ηµν + hµν , the Weinberg form of the Einstein
equations is
h¯µν,σ
σ − (h¯µσ,νσ + h¯νσ,µσ) + ηµν h¯αβαβ = −16πG(Tµν + t(2)µν ). (28)
Here t
(2)
µν is given below, see (34). Thirring deals with ϕµν , defined by
√−ggµν ≡ ηµν − ϕµν . (29)
It seems more natural to remain with hµν . Then his approach would lead to disagree-
ment with general relativity. Thirring succeeded in obtaining the correct expression for the
Schwarzschild solution in the considered approximation. To be sure that there is a com-
plete agreement with general relativity, we have to show that his wave equation is equivalent
to Weinberg’s one. To that end we rewrite (28) in terms of ϕµν = ηµαηνβϕ
αβ. With our
accuracy from definition (29) we have
ϕµν = h¯µν − ηµν(1
8
h¯2 − 1
4
h¯αβh¯
αβ) +
1
2
h¯µν h¯− h¯µτ h¯τν . (30)
In linear approximation ϕµν = h¯µν and in quadratic terms we can substitute ϕµν ↔ h¯µν . So
we get
h¯µν = ϕµν + ηµν(
1
8
ϕ2 − 1
4
ϕαβϕ
αβ)− 1
2
ϕµνϕ+ ϕµτϕ
τν . (31)
Lowering here the superscripts µ and ν with the help of η and inserting into (28), we find
ϕµν,σ
σ − (ϕµσ,νσ + ϕνσ,µσ) + ηµνϕαβαβ = −16πG(Tµν + t(2)µν ) + [−
1
T µν+
2
T µν+
3
T µν−
1
2
4
T µν−
5
T µν − 2
7
T µν−
8
T µν+
9
T µν−
10
T µν + 1
2
11
T µν + 2
13
T µν + 2
15
T µν−
16
T µν ]+
{−1
2
a
T µν+1
2
b
T µν+1
2
c
T µν+
d
T µν−2
e
T µν+1
2
f
T µν+1
2
g
T µν−
h
T µν+2
j
T µν−
k
T µν+1
2
l
T µν−
6
nT µν − 2
p
T µν + 2
q
T µν}. (32)
Now we write down the Weinberg tensor t
(2)
µν in our notation
−16πGt(2)µν = [
1
2
1
T µν − 3
4
2
T µν−
3
T µν
+
3
8
4
T µν + 1
2
5
T µν−
6
T µν+
7
T µν+
8
T µν−
9
T µν+
10
T µν − 1
4
11
T µν+
12
T µν − 2
15
T µν+
16
T µν ]+
{+1
2
a
T µν−1
2
b
T µν−1
2
c
T µν−
d
T µν+2
e
T µν−1
2
f
T µν−1
2
g
T µν+
h
T µν+
i
T µν−2
j
T µν+
k
T µν−
1
2
l
T µν−
m
T µν+
n
T µν}. (33)
From (32) and (33) we have
ϕµν,σ
σ − (ϕµσ,νσ + ϕνσ,µσ) + ηµνϕαβαβ = −16πGTµν + {
i
T µν−
m
T µν − 2
p
T µν + 2
q
T µν}
[−1
2
1
T µν + 1
4
2
T µν − 1
8
4
T µν − 1
2
5
T µν−
6
T µν−
7
T µν + 1
4
11
T µν+
12
T µν + 2
13
T µν ]. (34)
Next we have to express Tµν in terms of
M
T µν . From definition of Tµν we have
Tµν = gµαgνβ(−g)−1/2
M
T
αβ ≈ (1− 1
2
h)
M
T µν+(
M
T µ
βhβν+
M
T ν
βhβµ), g = detgµν ≈ −(1+h).
(35)
In terms of h¯µν we have
Tµν =
M
T µν +(
M
T µ
βh¯βν+
M
T ν
βh¯βµ)− 1
2
M
T µν h¯. (36)
Using linearized Einstein equation
h¯µν,σ
σ − (h¯µσ,νσ + h¯νσ,µσ) + ηµν h¯αβαβ = −16πGTµν ,
we find
−1
2
M
T µν h¯ =
1
16πG
[
1
2
b
T µν + 1
2
g
T µν −
h
T µν ] = 1
2
M
T µν h, (37)
and
M
T µ
βh¯βν+
M
T ν
βh¯βµ = − 1
16πG
[2
m
T µν −2
o
T µν +2
p
T µν −2
q
T µν ]. (38)
So eq.(34) takes the form
ϕµν,σ
σ − (ϕµσ,νσ + ϕνσ,µσ) + ηµνϕαβαβ =
−16πGTµν + {
i
T µν+
m
T µν − 2
o
T µν − 1
2
b
T µν − 1
2
g
T µν+
h
T µν}
[−1
2
1
T µν + 1
4
2
T µν − 1
8
4
T µν − 1
2
5
T µν−
6
T µν−
7
T µν + 1
4
11
T µν+
12
T µν + 2
13
T µν ]. (39)
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This is Weinberg equation in terms of ϕµν . As mentioned earlier, we may use ϕµν = h¯µν in
quadratic terms. Raising in (39) µ and ν with the help of η, we obtain the wave equation in
Thirring form:
ϕµν,σσ − (ϕµσ,νσ + ϕνσ,µσ) + ηµνϕαβαβ = −16πG(
M
T
µν+
int
T
µν + tµν), (40)
see eqs, (76) and (77) in [4]. Here use has been made of eqs. (25) and (37). Thus Thirring
wave equation agrees with general relativity.
5 Conclusion
It is shown that Thirring’s field theoretical method to reproduce general relativity in the
lowest nonlinear approximation is successful. Yet his approach is specific. More natural way
leads to failure. There are no rigorous proofs that field theoretical derivations of gravitational
wave equation lead to exact Einstein equation. These facts should stimulate the search for
alternative theories of gravity, hopefully without black holes. The latter are undesirable on
energy grounds [6,10]. One particular version of gravitational theory without black holes is
elaborated by Logunov and his colleagues [11]. Another possibility is considered in [12].
For me it seems natural to assume that in three graviton vertex each graviton interacts
with energy-momentum tensor formed by other two gravitons.One promising way to build
up a gravitation theory is to deal directly with S−matrix formalism and use vertices and
free propagatores without any recourse to a wave equation.
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